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Effective FRW Radiation Dominated Era
Aureliano Skirzewski and Jesu´s Rodr´ıguez
Centro de F´ısica Fundamental. Universidad de Los Andes. 5101 Me´rida. Venezuela.
We compute effective equations of the quantum FRW flat universe in the radiation dominated
era at order h¯, described in terms of Ashtekar variables employing a new method for the geomet-
rical formulation of quantum mechanics. Additional terms of quantum nature correct the classical
equations of motion. As a consequence, the initial singularity of the classical model is removed and
a Big Bouncing scenario takes its place. We also obtain an expression for the effective action of the
model in terms of higher curvature invariants, leading us to corrected Einstein equations for more
general contexts.
I. INTRODUCTION
Friedmann-Robertson-Walker cosmological models
provide a successful description of the universe at large
scale. In spite of that, it has technical and conceptual
difficulties when the universe becomes smaller backwards
in time. Yet, at small scales we expect quantum effects
to produce important modification to FRW’s models.
Of course, quantum description requires a canonical
formulation of the model as starting point. Here, we
use Ashtekar’s formulation of General Relativity [1] for
the kinematics of the cosmological model, with usual cos-
mological symmetries such as homogeneity, isotropy and
spacial flatness [2].
A complete quantum treatment that includes informa-
tion of the entire wave functions in Quantum Cosmology
is a notoriously difficult problem, not only at the com-
putational level but because of the interpretation and
extraction of conclusions. On the other hand, effective
theories allow us to describe some properties of the whole
quantum theory by interactions of a finite number of de-
grees of freedom. Effective equations provide a simpler
approach in terms of classical quantities and we will study
them through the determination of the quantum correla-
tions associated to central moments of a state [3]. More
specifically, we will use techniques associated to classical
mechanics in order to study quantum corrections to the
cosmological model in the radiation dominated era.
To describe the behavior of the universe close to the
Big Bang following FRW cosmology, we are going to
study how quantum effects modifies physics in the radia-
tion dominated era of the evolution of the universe. For
this purpose, we start studying the Hamiltonian model
proposed in [4]. The problem of time [5] is treated in the
same way as [4] did. Then, we obtain the effective equa-
tions of the model, where quantum correction terms arise
and study its solutions. Finally we analyze the physical
implications of the results and discover that the big bang
scenario is replaced by a big bounce.
II. CANONICAL DESCRIPTION OF THE
RADIATION DOMINATED ERA
A. The Hamiltonian Constraint
In a FRW scenario, if we assume homogeneity, isotropy
and spatial flatness, the metric in a particular reference
frame can be assumed to be of the form
gµν = −δtµδtν + a2(t)δaµδbν ,
where a(t) is the cosmic scale factor that evolves in time
according to Einstein’s theory of gravitation. The same
model can be reformulated in Ashtekar variables, that are
related to the cosmic scale factor and its time derivative,
the extrinsic curvature [2]
Aai = cδ
a
i
Eia = pδ
i
a
with canonical gravitational variables c = γa˙ and p = a2
(γ is the Barbero-Immirzi parameter), that satisfy the
Poisson bracket {c, p} = 8πγG/3. From now on, we will
set 8πG/3 = 1 and γ = 1, so that:
{c, p} = 1
The Hamiltonian constraint for the FRW model which
describes a flat universe in the radiation dominated era
is
H = −c2√p+ E
2
√
p
≈ 0 (2.1)
The quantity E is related to the magnitude of the elec-
tric field, it has been assumed to be sufficiently small
so as not to cause significant anisotropy [4], however, it
could be argued to be a spacelike average of the electric
field’s magnitude. As in the interior of a neutral plasma,
the electric field does not point somewhere specifically
but it certainly is not zero, without breaking isotropy.
E is coupled to the matter content of the universe for
the radiation dominated era, in which the energy density
ρ = E2/a4 dominates over the other contributions to the
total energy density.
2B. Electric Time
One approach to avoid (rather than solve) the problem
of time is to identify an internal time as a functional
of the canonical variables and then, solve the canonical
constraints before the quantization of the system [5].
Consider the constraint (2.1) for the system given by
the canonically conjugated pairs c, p and A,E. The elec-
tric field satisfies
{A,E} = 1 (2.2)
with A related to the vector potential, and canonically
conjugated to the electric field. As the field A doesn’t ap-
pear in the Hamiltonian constraint, then E is a constant
of motion and A could be chosen as an internal time [4].
To determine if A is a good election of internal time,
we need to know if that field grows monotonically respect
the proper time. We have {A,H} = 2E/
√
p(t), and from
this we obtain A(t) =
√
8Et. Therefore, for positive t and
E, the field A is a reasonable choice of internal time [6].
Now we have an evolution parameter, the constraint
2.1 is solved for the electric field, i.e. the canonically
conjugated moment of A. The result is E(c, p) = ±c√p
[4]. As we need that E has positive value (and evidently
c must be positive), we choose the plus sign such that
E(c, p) = c
√
p. (2.3)
On the other hand, a function invariant under the action
of the Hamiltonian constraint has ddtf(c, p, A,E) = 0,
thus
0 = {f,H}+ ∂f
∂t
= {f, c√p− E} 2E√
p
+ ∂tf. (2.4)
If we use it first for f = A, we can use the result to
write the equations of motion for any function without
referring to coordinate time “t”
0 =
2E√
p
(
{f(c, p), c√p}+ ∂Af(c, p)
)
. (2.5)
Here we see that −E(c, p) is the generator of A-evolution,
and provides classical equations of motion for c(A) and
p(A).
The Hamiltonian equations of motion for the classical
system are
∂Ap = {p,−E(c, p)} = √p (2.6)
∂Ac = {c,−E(c, p)} = − c
2
√
p
(2.7)
with solutions
p(A) =
1
4
A2 (2.8)
and
c(A) =
2E
A
. (2.9)
From the definition p = a2 and the relation between
internal time and proper time, we observe that (2.8) is an
equivalent solution for the cosmic scale factor in the radi-
ation dominated era and, as in conventional cosmological
approach, we obtain a(t) ∝ t1/2.
III. EFFECTIVE EQUATIONS OF THE
QUANTUM FRW FLAT UNIVERSE IN THE
RADIATION DOMINATED ERA
A. Effective Theories
We want to obtain quantum corrections for classical
theories. For this, we will follow the procedure of canon-
ical effective equations [3]. In this approach, classical
variables are the mean values of fundamental operators
xi =
〈
xˆi
〉
, which satisfies
{
xi, xj
}
= ǫij .
For quantum variables, central moments are intro-
duced, defined as the
(3.1)Gi1...in =
〈
(xˆ(i1 − x(i1 ) . . . (xˆin) − xin))
〉
the fully symmetric product of quantum fluctuations.
The central moments satisfies
{
xi, Gi1...in
}
= 0, and ap-
propriate relations (explicitly obtained in [3][7]) between
them. As a consequence of its quantum nature, this vari-
ables (actually of order Gi1...in ∝ h¯n/2 [3]) must obey
uncertainty relations.
Time evolution is generated by the Quantum Hamil-
tonian, defined as the mean value of the Hamiltonian
Operator
HQ := ˆ〈H〉
and expressed in terms of the quantum phase space vari-
ables, by Taylor expanding ˆ〈H〉, as
HQ =
∑
n
1
n!
H,i1...in G
i1...in . (3.2)
The relation between quantum mechanics from the ge-
ometric phase space and the Hilbert space is stated in
[8]
{
ˆ〈F 〉, ˆ〈K〉
}
=
1
ih¯
〈[
Fˆ , Kˆ
]〉
,
and it allows us to obtain equations of motion for the
variables of the description [3]
x˙i =
{
xi, HQ
}
,
G˙i1...in =
{
Gi1...in , HQ
}
.
3However, infinitely many terms appear in these equations
and it becomes necessary some sort of approximation, i.e.
to reduce them to a finite number. We call a theory ef-
fective if it accounts for the physics we want to describe
in easy terms, in an effective way. In order to achieve an
effective description, we perform a semi classical approx-
imation of order h¯. This implies to evaluate (3.2) up to
n = 2. The Quantum Hamiltonian becomes
HQ = H +
1
2
H,ijG
ij (3.3)
where (i, j) takes values on phase space coordinates (q, p).
Then, the equations of motion are
x˙i =
{
xi, H
}
+
1
2
{
xi, H,jk
}
Gjk (3.4)
G˙ij =
1
2
H,kl
{
Gij , Gkl
}
(3.5)
As we can see in (3.4), the classical equation has an
additional term of h¯ order. Employing the commutation
relation between the central moments{
Gij , Gkl
}
= ǫikGjl + ǫilGjk + ǫjlGik + ǫjkGil
and the definition of symplectic vector fields (also known
as Hamiltonian vector fields [9]) in terms of coordinates
XF =
{
xk, F
}
∂k = ǫ
kl(∂lF )∂k.
Assuming the dynamics of the central moments can be
described in terms of the evolution of the classical phase
space variables G˙ij → x˙k∂kGij , equation (3.5) becomes
XkH∂kG
ij −X iH ,lGjl −XjH ,lGil = 0
which is the Lie derivative of Gij in the direction of the
symplectic vector field XH . Then, we obtain the quan-
tum corrections by solving
£XHG
ij = 0. (3.6)
We propose solutions with the structure
Gij =
∑
A,B
X iFAX
j
FBGAB (3.7)
where (A,B) run for 2N functions FA, a new set of co-
ordinates of the phase space. GAB are functions of the
constants of motion and X iFA are symplectic vectors as-
sociated to functions FA. These functions must satisfy{
FA, H
}
= constants of motion. (3.8)
Then, by getting the 2N functions FA and computing
its associated symplectic vector fields, we can construct
the quantum correction terms. To obtain the quantities
GAB, we have to impose some conditions on the equa-
tions of motion.
As we mentioned previously, quantum variables must
obey uncertainty relations. At order h¯ this relation be-
comes
GqqGpp − (Gqp)2 ≥ h¯
2
4
(3.9)
We also require the equivalence of the equations of mo-
tion in the effective subspace and the full setting. Then,
if we defined the effective Hamiltonian
Heff = HQ|G=G(xi)
the condition to impose is{
xi, HQ
}∣∣
G=G(xi)
=
{
xi, Heff
}
eff
(3.10)
with the corrected [10] Poisson Bracket given by{
xi, xj
}
eff
= ǫij(1 + κ) (3.11)
Here, κ is a function of the phase space variables of or-
der h¯ and we determine its value using (3.11) in equa-
tion (3.10). Since the Poisson Bracket of three functions
satisfies the Jacobi identity [9], we have in the effective
subspace{
xi, x˙j
}
eff
−{xj , x˙i}
eff
+ ǫij {Heff , κ}eff = 0. (3.12)
B. The Quantum Cosmological Model
In the following section we are going to use the tech-
niques developed in III A on the cosmological model of
section II.
We choose to work with canonical variables 〈pˆ〉 → p(A)
and 〈cˆ〉 → c(A). The quantum Hamiltonian is
− EQ = −c√p− 1
2
√
p
Gcp +
1
8
c
p3/2
Gpp +O(h¯2) (3.13)
where evolution in A is generated by −EQ. It provides
the corrected equations of motion
∂Ap = {p,−EQ} = √p− 1
8p3/2
Gpp (3.14)
∂Ac = {c,−EQ} = − c
2
√
p
+
1
4p3/2
Gcp − 3
16
c
p5/2
Gpp.
(3.15)
In order to determine the effective equations of the sys-
tem we ought to solve for Gcc, Gcp and Gpp using (3.7).
The first step is to find 2 functions FA that satisfy
(3.8). The Hamiltonian itself is a good choice because
{E,E} = 0. The second function must obey {F,E} = 1.
This results in the differential equation(
c
2
√
p
∂c −√p∂p
)
F = 1
4with solution
F (c, p) = −2√p (3.16)
Now, we compute the symplectic vector fields associ-
ated to E and F
XE = (∂pE)∂c − (∂cE)∂p = c
2
√
p
∂c −√p∂p (3.17)
XF = (∂pF )∂c − (∂cF )∂p = − 1√
p
∂c (3.18)
and inserting (3.17,3.18) in (3.7) we obtain the correction
terms
Gcc = G
EE
c2
4p
−G
EF
c
p
+G
FF
1
p
(3.19)
Gcp = −G
EE
c
2
+G
EF
(3.20)
Gpp = G
EE
p (3.21)
From the restrictions to the effective dynamics we ob-
tain
κ(c, p) =
3E
8p
G′
EE
+
1
4p
G
EE
+
1
2
√
p
G′
EF
where prime denotes derivation respect to E. Addition-
ally, the Jacobi identity (3.12) provides
(4p3/2 + 1)
(
3E
2
G′
EE
+G
EE
+
√
pG′
EF
)
= 0 (3.22)
As the first bracket term can’t be zero, we obtain an
ordinary differential equation for G
EE
and G
EF
with so-
lutions
G
EE
= αE−2/3 (3.23)
G
EF
= β (3.24)
where α and β are integration constants to be determined
by means of the uncertainty relation. Evaluation of the
totally saturated uncertainty relation (3.9) in the effec-
tive subspace gives
G
EE
G
FF
− (G
EF
)
2
=
h¯2
4
where we can observe that functions G
EE
and G
FF
can’t
vanish. In terms of the integration constants we have
αE−2/3G
FF
− β2 = h¯
2
4
a relation which doesn’t provide us the value of α nor
β. We can only say that this integration constants are of
order h¯ and that α must be greater than zero.
We can finally express the quantum correction terms
(3.19, 3.20, 3.21) in function of the integration constants
α and β. These result in
Gcc =
E−2/3αc2
4p
− β c
p
+
E2/3
αp
(
h¯2
4
+ β2
)
(3.25)
Gcp = −E
−2/3αc
2
+ β (3.26)
Gpp = E−2/3αp (3.27)
IV. SOLUTIONS
A. The Big Bouncing Scenario
Equation (3.14) is related to the evolution of the cosmic
scale factor. We can write it as
∂p
∂A
=
√
p− E
−2/3
8
√
p
α (4.1)
Now, we propose a power series in α(h¯) as the solution.
That is
p(A) =
∑
n
p
n
(A)αn
with coefficients p
n
(A) = (n! )−1 ∂nαp(A)|α=0. The zeroth
order term
∂p
0
∂A
=
√
p
0
p
0
=
A2
4
(4.2)
agree with the classical solution of the model. The term
with n = 1 is
∂p
1
∂A
=
p
1
2
√
p
0
− E
−2/3
8
√
p
0
=
p
1
A
− E
−2/3
4A
p
1
= Aλ +
−E2/3
4
(4.3)
with λ and integration constant. Then, the solution for
p(A) at order h¯ is
p(A) =
(
A
2
+ λα
)2
+
E−2/3
4
α. (4.4)
Clearly, in the limit α(h¯)→ 0, (4.4) reduces to the clas-
sical solution. As we can see, when the universe becomes
smaller, the minimum size it takes is
pmin =
E−2/3
4
α,
5this implies the elimination of the initial singularity ap-
pearing in FRW’s classical models and its substitution
by a term of quantum nature.
B. The Effective Action
Following our method, effective equations of motion
are obtained evaluating equations (3.14, 3.15) in the ef-
fective subspace. Quantum correction terms are given by
equations (3.25, 3.26 and 3.27).
Alternatively we can derive the effective equations of
motion starting directly from the effective Hamiltonian,
i.e. the quantum Hamiltonian (3.13) evaluated on the
effective subspace. Then, we have
Eeff = c
√
p− 1
2
√
p
(
3
4
c1/3p−1/3α− β
)
(4.5)
From this equation, we can write the corrected Hamil-
tonian constraint
Heff = −c2√p+ E
2
√
p
− c√
p
(
3
4
c1/3p−1/3α− β
)
(4.6)
If we take the classical limit h¯ → 0 in equation (4.6),
equation (2.1) could be recovered. Now, from the relation
between Ashtekar’s variables and the time dependent cos-
mic scale factor, we compute {p,Heff}, and from this,
we obtain the corrected c(t) in terms of metric variables
c = a˙+
1
2a2
((
a˙
a2
)1/3
α− β
)
(4.7)
With a Legendre transformation we compute the effec-
tive Lagrangian
Leff = −a
3R
6
+
E2
a
− 7
4
a−1/3H4/3α (4.8)
where H = a˙a is the Hubble parameter. This expression
can be rewritten in terms of R, the Ricci scalar, and the
Kretschmann scalar for the spatially flat FRW metric.
Since the Riemann can be expressed in terms of projec-
tors, we can compute easily the Kretschmann
(4.9)
Rµν
λκ = −2 a¨
a
(δtµδ
i
ν − δiµδtν)(δλt δκi − δλi δκt )
2
− 2
( a˙
a
)2 (δiµδjν − δjµδiν)(δλi δκj − δλj δκi )
4
,
with this, we can use
( a˙
a
)2
= − R
12
±
√
K
24
− R
2
144
where R = Rµν
µν and K = Rµν
λκRλκ
µν . The proposed
effective Lagrangian for GR is
Leff =
√
gR
6
− 〈
~E2〉√
g
− 7
4
√
g
−
1
9α
(
− R
12
±
√
K
24
− R
2
144
) 2
3
(4.10)
but correction terms do not appear as generally covariant
but with an abnormal weight w = − 19 .
V. CONCLUSIONS
We compute effective equations for a cosmological
model where radiation is the only content in order to
study significant quantum effects in the early universe.
We develop a method to compute effective equations
for quantum systems. It exploits the symmetries of the
equations of motion for the central moments under the
flux generated by the symplectic field associated to the
Hamiltonian.
The problem of time is avoided by choosing the field
canonically conjugated to the radiation source field as
time parameter, then, evolution is provided by the elec-
tric field’s conjugate variable.
In the context of Loop Quantum Cosmology it has be-
come clear that rather than a Big Bang, LQC predicts a
Big Bounce. Here, we do not regularize the cosmological
variables, yet, instead of a Big Bang, we get a family of
bouncing solutions for the cosmic scale factor which drop
out the initial singularity of the classical model. We prove
that there is no big bang solution, but cannot yet affirm
that this will happen generically when studying effective
equations with other physical time choices.
We also obtain the effective Lagrangian of the model as
the classical Lagrangian with additional quantum correc-
tion terms. We can see that the correction term doesn’t
have the correct weight. This appears to be a generic re-
sult coming from the quantization procedure, it could be
said that covariance is broken at Planck regimes, more
specifically diffeomorphisms that change the volume form
appear to be broken. However, this is not unexpected,
because the quantization is performed over a symmetric
background. The background breaks the symmetry.
We are curious about whether the effective action can
be improved by imposing some conditions on the equa-
tions of motion for metric perturbations around the ho-
mogeneous background. Anyway, further analysis of this
kind is possible in wider contexts.
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